Abstract. Let 0 → KU i − → Y π − → X → 0 be a sequence of morphisms of algebraic groups over an algebraically closed field k, where X is an abelian variety, KU is a unipotent, connected and commutative group scheme, and (X, π) is a geometric quotient of Y by KU .
Introduction
Theta groups associated with an invertible sheaf over an abelian variety are basic in the theory of algebraic theta functions developed by D. Mumford and used to obtain equations defining abelian varieties ( [5] , [6] , [7] ). For the definition and properties of theta groups, readers are referred to [8, p. 221] .
More recently, theta groups have also been used to obtain equations defining Kummer varieties ( [4] ).
In this paper we consider a sequence of morphisms of algebraic groups over an algebraically closed field k,
where X is an abelian variety, K U is a unipotent, connected and commutative group scheme, and (X, π) is a geometric quotient of Y by K U . If L is an invertible sheaf over X, the main result of this work is to construct, using techniques of algebraic geometry, theta groups associated with the invertible sheafL = π * L. According to the above works, this generalization must be the first step to obtain equations defining extensions of abelian varieties by unipotent groups. In particular, these equations would characterize jacobians of cuspidal curves and jacobians of non-reduced curves.
We should remark that the statements in Section 3 are valid for algebraic groups over a perfect field.
Preliminaries on Unipotent Groups
Lemma 2.1. Let K U be a unipotent group acting on a reduced k-algebra A. The invertible elements of A are therefore invariant by the action of K U .
Proof. Ifτ K U : A → A ⊗ O K U is the ring morphism induced by the action of K U on A, given an invertible element f ∈ A, we have thatτ K U (f ) is also invertible. It follows from A is reduced, and from the isomorphism
− → X be a geometric quotient by the action of a unipotent, connected and commutative group K U . If X is an algebraic group scheme and Y is a reduced group scheme, both over a perfect field k, then
for each reduced k-scheme S.
Proof. Since π is a geometric quotient, it is clear that the natural morphism π S : Y × S → X × S is also a geometric quotient by the action of K U . Therefore, for each open set V of X × S, we have that 
Construction of the Group Schemes K(L)
Firstly, we shall recall the concept of S-valued points in the theory of schemes: if Y and S are k-schemes, an S-valued point of Y is a morphism of schemes from S to Y . The set of all such is denoted
Let X be an abelian variety and K U a unipotent group scheme over a perfect field k. Given an extension π : Y → X, such that π is a geometric quotient by the action of K U , and an invertible sheaf L over X, we denote the invertible sheaf π * L byL.
Let us consider the functorF : C k-sch. → C gr. defined for each k-scheme S as
whereL S is the pull-back of the sheafL to the scheme Y × S, the map T f : Y × S → Y × S is the translation by the S-valued point f , p 2 : Y × S → S is the natural projection, and M is an invertible sheaf over S. The goal of this section is to represent the functorF in order to construct a theta group over Y associated with the invertible sheafL.
Moreover,m : Y × Y → Y will be the group law of Y andp i (i = 1, 2) will be the ith projection of Y × Y .
Remark 3.1. Let F : C k-sch. → C gr. be the functor defined for each k-scheme S as
Proposition 3.2. The functor F is a sheaf for the faithfully flat and quasi-compact topology.
Proof. Given g : S → S, a faithfully flat and quasi-compact morphism, we have to prove that the sequence
We then have to see that f = g * (f ), with f ∈ F (S). Now, since the functor Y
• is a sheaf and f 
O Y ×S and we conclude that f ∈ F (S).
Lemma 3.3. Let k be a perfect field. If K U is a unipotent group over k, π : Y → X is a geometric quotient of algebraic groups by the action of K U and S is a separated k-scheme, one has that the induced morphism between the Picard groups
Proof. Since π : Y → X is a geometric quotient of algebraic groups by the action of a unipotent group, we have that Y is a locally trivial extension.
There is therefore a covering of X by open affine V i such that For each open affine subset W of S, W = Spec C, it follows from the action of
because group schemes over a field are separated, there exists a covering of X × S by product open sets
Furthermore, considering the intersections, one has that
We shall now compute the kernel of the morphism induced between the first Cech cohomology groups 
Moreover, since f ij and ϕ
Hence, λ α = 0 for all α, and we see that
, from where we deduce that (π S ) * is injective for the covering W. Finally, since the required conditions for the open coveringsW and W are satisfied for all refinement, since direct limits hold injections and since
for a system of refinements {W i } ([3, p. 223]), we conclude that the induced morphism between the Picard groups is injective. Now, given an abelian variety X and an invertible sheaf L over X, we consider the group scheme K(L) → X ([8, p. 60]), whose functor of points is
M}, S being a k-scheme, π 2 : X × S → S being the natural projection and M being an invertible sheaf over S. Proposition 3.4. With the previous notations, one has that
for each separated k-scheme S.
Proof. Given an arbitrary k-scheme S, we have that
2 N , N being an invertible sheaf over S, and hence f ∈F (S).
Therefore, to prove the proposition we have to see that i is surjective when S is separated.
Let us now consider g ∈F (S) such that T * gLS
where M is an invertible sheaf over S and p 2 is the natural projection.
Furthermore, since T *
, it is clear by Lemma 3.3 that
whereM M ⊗ M and M is an invertible sheaf over S.
Theorem 3.5. The functorF is representable in the category of k-schemes. We denote its representant by
Proof. SinceF is a sheaf for the faithfully flat and quasi-compact topology, it follows from Proposition 3.4 that there exists an isomorphism of functors
and because K(L)
• is representable in the category of k-schemes, thenF is also representable.
Moreover, we have by construction an exact sequence
and since K U is a reduced group scheme, then if K(L) is reduced we deduce that K(L) is a reduced group scheme.
Construction of the Group Schemes G(L)
We keep the notations of Section 3. Now, we denote by V (L) the line bundle over Y associated with the invertible sheafL, and by p the projection p : V (L) → Y . Recall from the construction of
whereL S is the pull-back of the sheafL to the scheme Y × S, the map T f : Y × S → Y × S is the translation by the S-valued point f , p 2 : Y × S → S is the natural projection, and M is an invertible sheaf over S. Given a k-scheme S, let Aut(L/Y )(S) be the group of automorphisms of V (L)×S covering translation maps of Y ×S: i. e. α ∈ Aut(L/Y )(S) when there exists a point f ∈ K(L)
• (S) such that the diagram
Example. If X is a principally polarized abelian variety and L = L Θ , we have that K(L Θ ) = {e}, e being the identity element of X.
Hence K(L Θ ) = K U , and there exists an exact sequence of morphisms of algebraic groups 1 → G m →K U → K U → 1 whereK U = G(L Θ ).K U is an algebraic, smooth, affine and nilpotent group, whencẽ
